Abstract. We compute the heat kernel on the classical and nonisotropic Heisenberg groups, and on the free step two nilpotent groups N n,2 , by an elementary method, in particular without using Laguerre calculus.
Introduction. The heat kernels (p t ) t>0 associated with subelliptic Laplacians L on the Heisenberg groups G, or on the free step two nilpotent groups G = N n,2 , are well known. Their computation is usually rather elaborate, using either Brownian motion [G] , [K] , or the spherical Fourier transform [H] , [C] , [CT] (see also the book [FH] ), i.e. the knowledge of the eigenvectors of L, through the representations of G, finally reducing the problem to the knowledge of the kernel of the harmonic oscillator on some R d (Laguerre calculus). Let us also mention [B] , where a simple direct computation (for the Heisenberg groups) relies on a guessed form of the solution.
The heat equation
combined with the expression of p t as a dilation of p 1 , gives a partial differential equation (H 1 ) for p 1 . We simply give sufficient conditions on a solution p of (H 1 ) which ensure that the corresponding p t are the kernels of a strongly continuous semigroup of contractions on L 2 (G), whose generator is of course − 1 2 L, and we exhibit such a solution p = p 1 , which is obviously unique.
It seems difficult to verify directly that the exhibited solution p 1 is a positive function on G. This is true a posteriori, because the existence of such a semigroup, and the positivity of the associated kernels, are well known facts for every stratified group (see e.g. [FS, Prop. 1.68, 1.70] ).
More precisely, the paper is organized as follows. In the first part, we consider homogeneous groups G, and more particularly step two stratified groups, with dilations δ t , t > 0, and (unbounded) positive operators L on I. Remarks on some kernels on homogeneous Lie groups. The results gathered in the next three lemmas are classical.
Lemma 1. Let G be a homogeneous Lie group. Let L be a linear operator D (G) → D (G) and D(G) ⊂ dom L 2 L → L 2 (G) which preserves real-valued functions, such that L(w), w
Then such a u is unique, −L is the generator of a strongly continuous semigroup of contractions on L 2 (G) and u(t) = e −tL/2 (f ).
hence h is a decreasing function on ]0, ∞[, which by (ii) tends to 0 as t → 0 + , hence h = 0. In the same way, G) . The last assertion follows by definition.
. Then the following assertions are equivalent:
By (b), Lp t 2 = t −N −2 δ t −1 (Lp) and the above equation can be rewritten as
which is (H 1 ).
We now collect some properties of the functions f * p t 2 (see e.g. [FS, Prop. 1.20] for (a), (b)). The use of the expression [CMZ] .
In particular , G) . (G) and
(d) With the notation of (c),
Proof. (a) comes from the change of variable g
by (a) and the dominated convergence theorem,
For h ∈ D (G) and t > 0,
Taking h = γ f yields the claimed formula by the left invariance of the X i 's and
and writing
we get
and
as in the proof of (b); hence the assumption and the dominated convergence theorem imply
Putting together Lemmas 1-3, we get:
) which preserves real-valued functions and satisfies:
(a) L commutes with left translations,
Then there exists at most one real-valued function p such that
(i) p ∈ L 1 (G) with ¡ G p(g) dg = 1 and x k p, u j p ∈ L 1 (G), 1 ≤ k ≤ n, 1 ≤ j ≤ m, (ii) p satisfies in D (G) the equation (H 1 ) (N Id −L)p + n k=1 x k X k p + 2 m j=1 u j U j p = 0.
If such a p exists, then −L is the generator of a strongly continuous semigroup of contractions of L 2 (G), and for f ∈ D(G) and t >
Proof. If G is step two stratified, and g = (x, u), then by Lemma 3,
hence (ii) specifies equation (H 1 ) from Lemma 2 in this setting.
If there exists a p satisfying (i), (ii), then for every f ∈ D (G) , u(t) = f * p t satisfies all assumptions of Lemma 1, owing to Lemmas 2 and 3.
We will now weaken condition (i) in the above proposition. We have not found the statement of the next lemma in the literature, though it probably belongs to the folklore, and the implication (1)⇒(2),(3) is known ( [FS, Props. 1.71, 1.72, 1.74] ). We denote by S, f the action of a distribution S on a function f . We recall that for every compact set
(1)(a) Since p is bounded and continuous, the dominated convergence theorem implies, for f ∈ D (R d 
hence P is well defined as a distribution on R d+1 . In the same way, for ε > 0,
By (H) and (1)
. By (1)(c) the claim now follows from [FS, Props. 1.72, 1.74] .
In the next proposition we identify the step two stratified group G with some R d , both as a manifold and a measure space; the Fourier transform is the usual one on R d . 
Such a p lies in S(G).
Proof. In the stratified setting, the sublaplacian L satisfies the assumptions ( For the next examples we follow the definitions of [G] . We present them in increasing order of difficulty. By [C] , the heat kernels of all step two stratified Lie groups can theoretically be recovered from the N n,2 heat kernel. Let us mention that the heat kernels of the generalized Heisenberg groups, which we do not treat here, can be explicitly deduced from those of Heisenberg groups [R] .
II.A. Computation of the heat kernel on the Heisenberg groups.
Let (a j ) n j=1 be strictly positive numbers. We consider the isotropic (i.e. a j = 1, 1 ≤ j ≤ n) or nonisotropic Heisenberg group G = H a n . Via the exponential map, it may be identified with R 2n+1 , n ≥ 1, equipped with Lebesgue measure and the group law
Here the first layer has dimension 2n, the central one has dimension 1, and N = 2n + 2. A basis of the top layer is
the other brackets being zero. Equation (H 1 ) in Proposition 4 reduces to
The sublaplacian is given by
is the generator of rotations in the x j , y j coordinates, L commutes with these rotations; hence, if a function p as in Proposition 4 exists, it must depend only on u and r j = (x 2 j + y 2 j ) 1/2 , 1 ≤ j ≤ n; if we set p (x, y, u We first consider the isotropic case
Here, L commutes with rotations on R 2n , p must depend only on u and r = (x 2 1 + y 2 1 + . . . 
whose solutions belong to a two-dimensional vector space; an obvious solution is Q 1 (r) = (2π) −n e −r 2 /2 ∈ L 1 (R + , r 2n−1 dr). Up to a multiplicative constant, it is the only solution lying in this space, which is proved either by computing another independent solution, or by Proposition 4 applied to G = R 2n , or by noticing that we have indeed switched to the problem of recovering the usual heat kernel on G = R 2n . This is a motivation for looking for a solution of ( * * ) of the form
with α(0) = 1 and C(0) = (2π) −n . We get
which splits into the two differential equations
The first one is a Riccati equation (as in [B] ) with an obvious solution α 1 (λ) = 2λ, so we look for a solution α(λ) = 2λ + 1/β(λ). We get
4λ , and α(λ) = 2λ coth 2λ. Let h be the inverse Fourier transform of q with respect to λ and let p be the corresponding function on R 2n+1 . We will now show directly that p satisfies (i) of Proposition 4. (At this step, the positivity of p is not known.) It is also easy to verify that p is continuous and bounded, and we may use Proposition 6, which is however less elementary than Lemma 7.
is the Fourier transform with respect to u of a function
, and by the Plancherel formula,
.
In the same way, xϕ(x, u) 1 and uϕ(x, u) 1 are controlled respectively by the L 1 (dx, L 2 (dλ)) norms of xφ, x ∂φ ∂λ , and ∂φ ∂λ ,
The first two derivatives of λ coth λ are bounded on R, and the function v(λ) = 2λ/(sinh 2λ) is such that v /v and v /v are bounded on R. Hence
it is the Fourier transform of a bounded measure, because ϕ(ξ j , λ) is the transform on R 2n+1 of the bounded measure
On the other hand, by the Plancherel formula,
Hence p ∈ L 1 (R 2n+1 ). In the same way, x j p = i Theorem 8 ( [G] , [H] ). The heat kernel on
We now come back to the nonisotropic Heisenberg group H a n . We recall that we must solve ( * ) 2u ∂h ∂u
. By Fourier transform with respect to u we get ( * * ) − 2λ ∂q ∂λ
We look for a solution of ( * * ) of the form
We get the differential equations
with α j (0) = 1, (2π) n C(0) = 1, whose solutions are, as before,
Using Lemma 7 and Proposition 4, we get, as in the isotropic case:
Theorem 9 ( [CT] ). The heat kernel on the nonisotropic Heisenberg group H a n is
II.B.
Computation of the heat kernel on the group N n,2 . We consider the group N n,2 , whose Lie algebra is the step two nilpotent free algebra with n generators, i.e. N n,2 is R n+C 2 n , n ≥ 1, equipped with Lebesgue measure, and the group law
The first layer has dimension n, the central one has dimension C 2 n , hence N = n + 2C 2 n = n 2 . A basis of the top layer is
On the other hand, L satisfies (see [G, p. 121] ) 
Since this looks like equation ( * * ) for the nonisotropic case, we look for a solution
which yields the differential equations If n is odd, we get in the same way Theorem 10 ( [G] , [C] where ξ is the column matrix of coordinates ξ 1 , . . . , ξ n and ϕ has been computed in the proof of Lemma 7. Obviously, | p| ≤ 1 = p(0, . . . , 0) and p is a continuous function because so is ϕ and we may choose the eigenvalues µ h and the matrix Ω of corresponding eigenvectors as continuous functions of Λ. The verification is analogous if n is odd, which ends the proof.
